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The standard entanglement test using the Clauser-Horne-Shimony-Holt inequality is known to
fail in mesoscopic junctions at finite temperatures. Since this is due to the bidirectional particle
flow, a similar failure is expected to occur in an ac-driven contact. We develop a continuous-variable
entanglement test suitable for electrons and holes that are created by the ac drive. At low enough
temperatures the generalized Bell inequality is violated in junctions with low conductance or small
number of transport channels and with ac voltages which create few electron-hole pairs per cycle.
Our ac-entanglement test depends on the total number of electron-hole pairs and on the distribution
of probabilities of pair creations similar to the Fano factor.
Quantum mechanics in fact is a nonlocal theory. In
1935 Einstein, Podolsky, and Rosen put forward the EPR
paradox [1] to question the completeness of quantum me-
chanics which disobeys, in their view apparent, the prin-
ciple of local realism. They argued that quantum me-
chanics should be completed with some hidden variables.
In 1964 Bell derived an inequality [2] to actually test the
principle of local realism. Remarkably, he found that
in some cases the physical results based on the princi-
ple of local realism are inconsistent with the predictions
of quantum mechanics. In later years, the experiments
on quantum entanglement [3] proved the existence of
nonlocality, including the recent loophole-free or human-
choice-driven tests [4–7]. Besides their fundamental im-
portance, quantum entanglement and nonlocality have
attracted a lot of attention over the past two decades in
the context of quantum computation [8], teleportation
[9, 10], and cryptography [11]. While most of the tests
are performed using quantum optics, it still remains a
challenge to detect entanglement within the Fermi sea in
mesoscopic systems [12–20]. Some of these concepts have
even been tested experimentally [21–29].
The most common way to detect the entanglement is
to test for the violation of the Clauser-Horne-Shimony-
Holt (CHSH) inequality [30]. In mesoscopic junctions as
shown in Fig. 1, the CHSH inequality reads ∣C(a,b) +
C(a,b′) + C(a′,b) − C(a′,b′)∣ ≤ 2 where C(nA,nB) =⟨(N ↑A −N ↓A)(N ↑B −N ↓B)⟩/⟨(N ↑A +N ↓A)(N ↑B +N ↓B)⟩ are the
spin correlators and Nσj are the numbers of quasiparti-
cles with spin projections σ =↑, ↓ in direction nj detected
in the lead j = A,B. Assuming 100% efficient detec-
tors, the spin correlators can be expressed in terms of
the average current I0 and current noise power S0 [31],
C(nA,nB) = −nA ⋅ nBS0/(S0 + 2τI20), where τ is the
measurement time. What is peculiar about this result
is that it reduces to C(nA,nB) = −nA ⋅ nB in an ac
driven system with no dc bias (I0 = 0). In that case,
the CHSH inequality can always be maximally violated
with the left-hand side equal to 2
√
2 if the angles between
the spin polarization directions in the leads are chosen as
θab = θa′b = θab′ = pi/4 and θa′b′ = 3pi/4. However, this
FIG. 1. Setups for the generalized ac Bell test: (a) normal
junction with transmission eigenvalues {Tn} and (b) super-
conductor – normal-metal beam splitter. In both cases, the
test observables are the differences between the numbers of
spin-up and spin-down particles along directions ±a and ±b
detected in the leads A (Alice) and B (Bob).
violation does not mean entanglement because it cannot
single out the entangled pair if there are many entangled
pairs. In addition, it is implausible that the violation is
independent of the amplitude and the frequency of the
ac voltage and even the shape of the drive. The reason
why the CHSH inequality fails to reveal the entanglement
is because it requires unidirectional particle flow in the
leads, a condition which is not satisfied when we apply
ac voltage to the system. Indeed, ac drive leads to fluc-
tuations with ∣N ↑j −N ↓j ∣ > ∣N ↑j +N ↓j ∣ which are forbidden
in the Bell test [31]. The same problem occurs in a dc
biased junction at finite temperatures [32]. To detect en-
tanglement in an ac driven junction, a generalized Bell
test is needed which is free from this restriction.
In this Letter, we study two different setups for a gener-
alized Bell test in ac driven systems at low temperatures.
The setup shown in Fig. 1(a) is a normal junction with
transmission eigenvalues {Tn} biased by the periodic ac
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2voltage V (t) with frequency ω and zero average. The sec-
ond setup, shown in Fig. 1(b), is an ac-driven supercon-
ductor (S ) – normal-metal (N ) beam splitter which emits
entangled pairs of electrons or holes. In both cases, the
spin-polarized particles along directions ±a and ±b are
detected in the leads A (Alice) and B (Bob). The test ob-
servables are the differences between the numbers of spin-
up and spin-down particles Aˆ ≡ Nˆ ↑A−Nˆ ↓A = ∫ dt(Iˆ↑A−Iˆ↓A)/e
and Bˆ ≡ Nˆ ↑B − Nˆ ↓B = ∫ dt(Iˆ↑B − Iˆ↓B)/e. In contrast to
the dc bias which at zero temperature leads to unidirec-
tional electron transport [33, 34], the ac drive generates
electron-hole pairs in the junction [35–38]. The particle
flow in the leads is therefore bidirectional which renders
the standard Bell test inapplicable. In this Letter, we
derive a generalized Bell inequality for the proposed se-
tups,
√
3(2 −√2)/4 ≤ √1 − ⟨A2⟩/⟨A4⟩, (1)
whose violation implies the presence of entangled par-
ticles in the system. Since Eq. (1) requires access to
the fourth-order spin current correlations, we anticipate
the use of low-Ohmic spin-polarized contacts which con-
vert the spin into charge currents or testing the spin-
dependent chemical potentials using ferromagnetic tun-
nel junctions [26, 39]. Expressing the moments ⟨A2⟩ and⟨A4⟩ in terms of transmission eigenvalues and properties
of the drive, we find
√
2 − 1
4
≤ √ Xi
1 + 6Xi . (2)
Here, Xi = ∑n,k P (i)n,k − ∑n,k P (i)2n,k /∑n,k P (i)n,k where i =
1 (2) stands for the normal (superconducting) junction
shown in Fig. 1. The probabilities P
(1)
n,k = pkTnRn and
P
(2)
n,k = pkRAn /4, where Rn = 1 − Tn and RAn = T 2n/(2 −
Tn)2 are normal and Andreev reflection coefficients; pk
(k = 1,2, . . .) are the probabilities of electron-hole pair
creations which depend on the details of the drive [35, 37].
For the harmonic drive, the dependence of the pk on the
drive amplitude is shown in Fig. 2 (a).
To derive Eqs. (1) and (2), we first obtain the statistics
of Aˆ and Bˆ in the junctions at hand. The statistics is
computed by using the circuit theory of quantum trans-
port. We assign the counting fields χσA and χ
σ
B (σ =↑, ↓)
to the spin-polarized leads of Alice and Bob, see Fig. 1.
Since we are only interested in the differences between
the numbers of spin-up and spin-down particles, we can
set χ↑A = −χ↓A = χA and χ↑B = −χ↓B = χB , where χA and
χB are the counting fields which determine the statistics
of Aˆ and Bˆ. For the cumulant generating functions S1
and S2 of the normal and the superconducting junction
shown in Fig. 1 we find [40]
Si(χA, χB) =M∑
n,k
ln(1 + P (i)n,k
× ∑
α,β=±1
1 + αβa ⋅ b
2
(eiαχA−iβχB − 1)). (3)
Here, M = τω/pi and we assumed low temperature Te ≪ ω
and ω ≪ ∆ in the superconducting case, which is in the
experimentally accessible range. We later discuss the ef-
fect of finite temperature along the lines of electron-hole
pair creation in Ref. [35]. In the remainder of the Letter
we set M = 1 which is the optimal value for the Bell test.
Indeed, as the measuring time τ is increased the number
of particles detected also increases which will destroy the
entanglement test. Experimentally, the inverse measur-
ing time 1/τ is related to the bandwidth of the detection
setup. Hence, M = 1 can be achieved by measuring the
cumulants of Aˆ and Bˆ in a large bandwidth 1/τ ∼ ω,
which is equivalent to dividing the result by M and jus-
tifies the setting of M = 1 in the following.
Next we apply the generalized Bell inequality [33]
∣⟨AB(A2 +B2)⟩ + ⟨A′B(A′2 +B2)⟩ + ⟨AB′(A2 +B′2)⟩− ⟨A′B′(A′2 +B′2)⟩∣ ≤ ⟨A4⟩ + ⟨A′4⟩ + ⟨B4⟩ + ⟨B′4⟩
+ 1
2
∑∗
C,D,E
√√⟨C4⟩√⟨D4⟩⟨(D2 −E2)2⟩. (4)
Here, the summation is taken over C,D,E ∈{A,A′,B,B′} and ∗ denotes the restriction D ≠ C and
E ≠ C,D,D′. Importantly, inequality in Eq. (4) does
not require a quantized measurement or unidirectional
particle flow and also does not pose restrictions on the
possible values of the observables A,A′,B,B′. As with
any Bell test, the symbol ′ in Eq. (4) denotes two differ-
ent settings of the Alice and Bob measuring apparatus.
In this case these are the two choices of spin-polarization
directions a, a′ for Alice and b, b′ for Bob. The cu-
mulants of Aˆ and Bˆ are obtained by taking derivatives
of the cumulant generating function in Eq. (3) with re-
spect to the counting fields. From the cumulants we
can find the moments which appear in Eq. (4). We ob-
tain the following relations which are valid for both se-
tups: ⟨A(′)⟩ = ⟨B(′)⟩ = 0, ⟨A(′)4⟩ = ⟨B(′)4⟩, ⟨A(′)3B(′)⟩ =⟨A(′)B(′)3⟩ = −a(′) ⋅ b(′)⟨A4⟩, ⟨A(′)2B(′)2⟩ = (1/3)[1 +
2(a(′) ⋅b(′))2]⟨A4⟩+(2/3)[1−(a(′) ⋅b(′))2]⟨A2⟩. Substitut-
ing these relations in Eq. (4), we obtain ∣B(a,b,a′,b′)∣ ≤
2 + (2/√3)√1 − ⟨A2⟩/⟨A4⟩∑c,d√1 − (c ⋅ d)2 where c ∈{a,a′}, d ∈ {b,b′}, and B(a,b,a′,b′) = a ⋅ b + a′ ⋅ b + a ⋅
b′−a′ ⋅b′. Choosing the angles between spin-polarization
directions θab = θa′b = θab′ = pi/4 and θa′b′ = 3pi/4 such
that ∣B∣ is maximal, the generalized Bell inequality re-
duces to Eq. (1). Finally, after computing the moments⟨A2⟩ = ∂2iχAS ∣χ=0 and ⟨A4⟩ = 3⟨A2⟩2 + ∂4iχAS ∣χ=0 we re-
cover Eq. (2).
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FIG. 2. (a) Probabilities of electron-hole pair creations pk and
(b) parameter Fp = ∑k pk(1 − pk)/∑k pk as a function of the
amplitude V0 for harmonic drive V (t) = V0 cos(ωt). (c) Test of
a generalized Bell inequality: Normal junction [solid lines, see
Eq. (5) and Fig. 1(a)] and SN beam splitter geometry [dash-
dotted lines, see Eq. (6) and Fig. 1(b)]. The generalized Bell
inequality is violated for junction conductances and applied
voltages that are below the lines shown in (c). Fano factors
F = 1, 0.99, 0.98 (FS = 2, 1.96) for the normal (superconduct-
ing) junction are shown in the plot. The effective charge is
e∗ = e for the normal and e∗ = 2e for the SN junction.
Equations (1) and (2) represent a generalized Bell test
suitable for driven systems shown in Fig. 1, where the
particle flow in the leads is bidirectional due to the pres-
ence of electron-hole pairs created by the drive. When
the number of transport channels is large, Eq. (2) re-
duces to (√2− 1)/4 ≤ 1/√6 which is not violated, as one
might expect. The same is true when many electron-hole
pairs are created in the system (pk = 1 for k = 1, . . . ,Neh;
Neh ≫ 1). To violate Eq. (2), the contribution of an en-
tangled pair has to be singled out from the rest. This
is achieved in a junction with low conductance or small
number of transport channels and with few particles cre-
ated per voltage cycle. In the low conductance limit,
Eq. (2) reduces to (√2 − 1)/4 ≤ βi where to lowest order
in 1 − F (1 − FS/2)
β21 = GGQ∑k pk − (1 − Fp)(1 − F ) (5)
and
β22 = 14 ( GS2GQ∑k pk − (1 − Fp)(1 − FS/2)) (6)
for the normal junction and the SN beam splitter, re-
spectively. Here, G = GQ∑n Tn (GS = 2GQ∑nRAn ) and
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FIG. 3. Violation of a generalized Bell inequality as a
function of the harmonic drive amplitude: (a) normal junc-
tion with G/GQ = 0.02 and (b) SN beam splitter with
GS/4GQ = 0.02. Inequality is violated in the shaded regions
in which β1 and β2 (solid lines) are smaller than (√2 − 1)/4
(dashed line).
F = ∑n TnRn/∑n Tn (FS = 2∑nRAn (1−RAn )/∑nRAn ) are
the conductance and the Fano factor of the normal (su-
perconducting) junction, and GQ = e2/pi. The distribu-
tion of probabilities of electron-hole pair creations is char-
acterized by Fp = ∑k pk(1 − pk)/∑k pk, in analogy with
the Fano factor for the transmission eigenvalues. The
Bell test is analyzed in Fig. 2 as a function of the junction
conductance, the amplitude of applied voltage, and dif-
ferent Fano factors that are close to the tunnel limit. We
find that small deviations from the Poissonian statistics,
that is, the presence of open channels, helps in violating
the generalized Bell inequality. We note, that the Bell
test also depends on the details of the drive through the
probabilities pk and distribution Fp of electron-hole pair
creations, which we will discuss later. It is also interest-
ing by how much the inequality is violated for a given
set of parameters. This extent of the Bell inequality vi-
olation is shown in Fig. 3 for the harmonic drive. As
we see, small amplitudes V0 are in general favorable. In
practice, a finite temperature sets an upper limit on V0
for the Bell inequality violation, which we will discuss in
Fig. 5. As regards the efficiency of the spin filters, we find
that imperfect spin polarization decreases the possibility
to violate our generalized Bell inequality [40]: in the low
conductance normal junction the spin polarization has to
be larger than P > 2−1/4 ≈ 84%, similar to the standard
Bell test.
The inequality Eq. (2) can also be violated beyond the
low-conductance limit in a quantum point contact with
only a few discrete transport channels Tn. In the case
of a single-channel contact, the parameters Xi in Eq. (2)
read X1 = TR(∑k pk+Fp−1) for the normal junction and
X2 = (RA/4)(∑k pk + Fp − 1) for the SN beam splitter.
The generalized Bell test is shown in Fig. 4 as a function
of the contact transparency, amplitude of the drive, and
for different shapes of the drive voltage. In the normal
junction, violation of Eq. (2) occurs mostly in contacts
that are either open or closed. This is because the proba-
4bility of a successful Bell test is proportional to TR which
corresponds to one particle from a pair being transmitted
to Bob while the other one is reflected to Alice, or vice
versa. If this probability is sufficiently low, the signal
from one entangled pair is not obscured by other pairs
and Eq. (2) is violated. Similarly, the Bell test in the
SN beam splitter geometry is realized by the injection
of entangled pairs of electrons or holes with probability
RA towards Alice and Bob. A violation of Eq. (2) oc-
curs mainly in SN contacts with small RA, in which the
signal from one entangled pair is singled out from the
rest. As regards the shape of the drive, we note that
the square-wave drive creates more electron-hole pairs
per cycle than the harmonic, sawtooth, or triangle-wave
drive of the same amplitude, which decreases the chances
of entangled pair detection. In the single-channel contact
with low ac voltage, Eq. (2) is violated for any contact
transparency. This is expected because in this case there
is at most one electron-hole pair created and detected per
voltage cycle, see Fig. 2.
Finally, we would like to come back to the effect of a fi-
nite temperature Te, since one expects that the entangle-
ment detection will become more difficult if not impossi-
ble for increased temperatures. To this end, we have eval-
uated the correlators in Eq. (4) for a normal junction in
the tunnel limit {Tn} ≪ 1 and at arbitrary temperature
[40]. The inequality is cast in the form (√2− 1)/4 ≤ βTe ,
where we defined a new, temperature-dependent factor
β2Te = G2GQ ∑l ∣g l∣2l coth( lω2Te ) with g l being the Fourier
coefficients of the phase ei ∫ t0 eV (t′)dt′ . The results are
shown in Fig. (5). In the panel (a) an overview of the
regions of entanglement detection in the conductance-
voltage drive plot is given for different temperatures. An
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FIG. 4. Generalized Bell test for a single-channel contact:
(a) normal junction and (b) SN beam splitter. Results are
shown for different shapes of the drive with the amplitude V0.
The biharmonic voltage V (t) = V0[0.8 cos(ωt) + 0.1 cos(3ωt)]
is an approximation of the triangle-wave drive. The regions
to the left of the displayed lines are where the generalized Bell
inequality is violated.
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FIG. 5. Effect of a finite temperature on the violation of the
generalized Bell inequality for a harmonic drive. (a) The volt-
age ranges of violation (to the left of the respective curves)
are reduced by a finite temperature. (b) For a fixed con-
ductance a violation is only possible below a certain critical
temperature for entanglement generation.
increasing temperature makes it more difficult to violate
the inequality. For a given conductance, this leads to a
prediction of a critical temperature of entanglement [41],
above which detection of entanglement is not possible.
However, the numerical values still allow a violation for
an experimentally accessible temperature range Te ≲ ω.
In conclusion, we have developed a continuous-variable
entanglement test which does not require charge quanti-
zation, single-particle detection, or unidirectional parti-
cle flow and is therefore suitable for entanglement de-
tection in ac driven systems. This is in stark contrast to
previous proposals, which were unrealistic due to temper-
ature restrictions in experiment. In contrast, an ac drive
mixes electron states of different energies and leads to a
complex entangled state consisting of electron- and hole-
like quasiparticle pairs [38]. We have shown that the en-
tanglement between electrons and holes in this situation
can be probed using a four-terminal normal-metal junc-
tion, while the SN beam splitter can be used to reveal
the entanglement of Cooper pairs emitted or absorbed
by the superconductor. The success of entanglement de-
tection relies on the ability to differentiate between the
overall current fluctuations and the specific current cor-
relations coming from the entangled pairs. This can be
achieved in quantum contacts with low conductance or a
small number of transport channels and with an ac drive
which creates few electron-hole pairs per cycle. We have
investigated the feasibility of the entanglement test for a
cosine, square, sawtooth, and triangle drive. The ac drive
affects the entanglement test through the total number
of electron-hole pairs and the distribution of the pair cre-
ation probabilities. Finally, we have shown that our pro-
posed entanglement test is robust against a finite temper-
ature in the experimentally accessible regime. A promis-
ing platform for the observation might be driven cold
atomic quantum point contacts in which single-particle
or -spin detection seems feasible.[42, 43] In the future, it
might be interesting to connect our findings to efforts to
5quantify many-body entanglement in correlated electron
systems, which are so far based mainly on experimentally
inaccessible quantities.
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7SUPPLEMENTAL MATERIAL FOR
”CONTINUOUS-VARIABLE ENTANGLEMENT
TEST IN A DRIVEN QUANTUM CONTACT”
Here we present the derivation of Eq. (3) of the main
text for the cumulant generating functions Si of the nor-
mal junction and the superconductor – normal-metal
beam splitter and discuss the finite-temperature effect
on the normal junction. In the end, we also discuss the
Bell test for a single-channel normal-metal beam splitter.
NORMAL-METAL JUNCTION
The junction is schematically depicted in Fig. 1(a) of
the main text. There are 4 leads: 2 left leads for Alice and
2 right leads for Bob. We assume the leads are perfectly
spin filtered in directions ±a and ±b where ∣a∣ = ∣b∣ = 1.
We count charges that enter each of the leads and assign
the counting fields χσj (j = A,B; σ =↑, ↓) to them. The
leads are characterized by the Keldysh-Green’s functions
GˇL(χσA) = e−iχσAτˇ1/2 GˇL(0) eiχσAτˇ1/2, (7)
GˇR(χσB) = e−iχσB τˇ1/2 GˇR(0) eiχσB τˇ1/2, (8)
where
Gˇl(0) = (1 2hl0 −1) . (9)
Here, τˇ1 is the first Pauli matrix in Keldysh space and
fl = (1 − hl)/2 (l = L,R) are the generalized nonequilib-
rium distribution functions which depend on two time or
energy indices. For an ac driven junction, we can use
2 × 2 representation of hL and hR in energy space [35]
hL = ( 0 e−iαkeiαk 0 ) , hR = (0 11 0) , (10)
where pk = sin2(αk/2) (k = 1,2, . . .) are the probabilities
of electron-hole pair creations. Note that the Green’s
functions Gˇl are scalars in the spin space.
For simplicity, we assume that the conductances of the
spin filters are much larger than the one of the central
junction g = (e2/pi)∑n Tn. In this case, the electron
which arrives at Alice or Bob will enter the spin-polarized
leads without backscattering. Since A is strongly cou-
pled to the spin-filtering leads and only weakly coupled
to B, we can obtain the Green’s function GˇA of the
node A with the node B disconnected. In addition,
we assume that the spin filters have the same conduc-
tance and that an electron can enter any of the spin-
filtering leads with equal probability. The Green’s func-
tion GˇA is obtained from the matrix current conservation[(1 + a ⋅ σˆ)GˇL(χ↑A) + (1 − a ⋅ σˆ)GˇL(χ↓A), GˇA] = 0 and the
normalization condition Gˇ2A = 1ˇ [34]. Here, σˆ is the vec-
tor of Pauli matrices in spin space. We obtain
GˇA(χ↑A, χ↓A) = 1 + a ⋅ σˆ2 GˇL(χ↑A)+ 1 − a ⋅ σˆ2 GˇL(χ↓A), (11)
and similarly for the node B,
GˇB(χ↑B , χ↓B) = 1 + b ⋅ σˆ2 GˇR(χ↑B)+ 1 − b ⋅ σˆ2 GˇR(χ↓B). (12)
Cumulant generating function for the normal-metal
junction is given by
S1(χ) = 1
2
∑
n
Tr ln(1ˇ + Tn
4
({GˇA, GˇB} − 2)) , (13)
where the trace is taken over Keldysh, spin, and en-
ergy indices. Since Alice and Bob are measuring the
differences between the spin-up and spin-down charges,
Aˆ ≡ Nˆ ↑A − Nˆ ↓A = ∫ dt(Iˆ↑A − Iˆ↓A)/e and Bˆ ≡ Nˆ ↑B − Nˆ ↓B =∫ dt(Iˆ↑B− Iˆ↓B)/e, we can set χ↑A = χA, χ↓A = −χA, χ↑B = χB ,
and χ↓B = −χB , where χA and χB are the counting fields
related to the statistics of Aˆ and Bˆ.
To compute S1, we proceed as follows. We note that
GˇA and GˇB are 8×8 matrices in Keldysh × spin × energy
space. Cumulant generating function S1 can be written
as a sum S1 = S+1 + S−1 , where
S±1 (χA, χB) = 12 ∑n Tr ln(1ˇ ±
√
Tn
2
(GˇA − GˇB)) . (14)
It turns out that 1ˇ ± (√Tn/2)(GˇA − GˇB) have the same
eigenvalues, hence S+1 = S−1 . Moreover, the eigenvalues
are pairwise equal to each other, λ1 = λ2, λ3 = λ4, λ5 = λ6,
and λ7 = λ8. We obtain that the product λ1λ3λ5λ7 =
1+2pkTnRn[cos(χA) cos(χB)−1+a ⋅b sin(χA) sin(χB)].
Therefore, the cumulant generating function reads
S1(χA, χB) = τω
pi
∑
n,k
ln (1 + 2pkTnRn
× [cos(χA) cos(χB) − 1 + a ⋅ b sin(χA) sin(χB)]). (15)
This expression reduces to Eq. (3) of the main text.
SUPERCONDUCTOR – NORMAL-METAL BEAM
SPLITTER
The junction consists of a superconductor (S) cou-
pled to the normal-metal lead (N) through the central
junction characterized by transmission eigenvalues {Tn}.
The normal lead is split into 4 outgoing terminals with
spin filters along directions ±a (Alice) and ±b (Bob), see
Fig. 1(b). As before, we assume strong coupling of the
spin filters to the node N and neglect the backscatter-
ing. We also assume that the spin-filtering leads have the
same conductance. The cumulant generating function is
given by
S2(χ) = 1
4
∑
n
Tr ln(1 + Tn
4
({GS(0),GN(χ)} − 2)) ,
(16)
8where the trace is taken in electron-hole (Nambu),
Keldysh, spin, and energy indices.
At energies and temperatures much smaller than the
gap, the Green’s function GS of the superconductor is
given by
GS(0) = τ¯2 ⊗ 1ˇ = ( 0 −i1ˇi1ˇ 0 ) , (17)
where the block-matrix structure is in electron-hole
space. The Green’s function GN(χ) of the node N in
the normal terminal is given by the matrix current con-
servation
[(GˇAe + GˇBe 0
0 −(GˇAh + GˇBh)) ,GN] = 0 (18)
and the normalization condition G2N = 1. Here, the
Green’s functions for electrons and holes are given by
GˇAe = 1 + a ⋅ σˆ
2
Gˇe(χ↑A) + 1 − a ⋅ σˆ2 Gˇe(χ↓A), (19)
GˇBe = 1 + b ⋅ σˆ
2
Gˇe(χ↑B) + 1 − b ⋅ σˆ2 Gˇe(χ↓B), (20)
and
GˇAh = 1 − a ⋅ σˆ
2
Gˇh(−χ↑A) + 1 + a ⋅ σˆ2 Gˇh(−χ↓A), (21)
GˇBh = 1 − b ⋅ σˆ
2
Gˇh(−χ↑B) + 1 + b ⋅ σˆ2 Gˇh(−χ↓B). (22)
We note that the counting fields and spin-polarization
vectors for holes are the opposite from the ones for elec-
trons. The counting fields are incorporated via the gauge
transform Gˇe,h(χ) = e−iχτ¯3⊗τˇ1/2 Gˇe,h(0) eiχτ¯3⊗τˇ1/2, with
Gˇe(0) = (1 2UhU †0 −1 ) , Gˇh(0) = (1 2U †hU0 −1 ) . (23)
Here, U(t′, t′′) = exp[−i ∫ t′0 eV (t)dt]δ(t′ − t′′) is unitary
operator which takes into account the time-dependent
drive [35].
From Eq. (18) we obtain
GN = (GˇNe 00 −GˇNh) , GˇNe,h = GˇAe,h + GˇBe,h2 . (24)
Substituting this result in Eq. (16) and after taking the
trace over electron-hole indices we find
S2 = 1
2
∑
n
Tr ln
⎛⎝1ˇ +
√
RAn
2
(GˇNe(2V (t)) − GˇNh(0))⎞⎠ .
(25)
Here, the remaining trace is taken over Keldysh, spin,
and energy indices and RAn = T 2n/(2 − Tn)2 are the co-
efficients of Andreev reflections. In Eq. (25) we have
also performed a gauge transform under the trace and
ascribed the effect of the voltage drive to the electron
part of the Green’s function, which leads to an effective
voltage (or charge) doubling [36]. After diagonalization
of the operator in Eq. (25), we obtain
S2(χA, χB) = τω
pi
∑
n,k
ln(1 + pkRAn
4
× ∑
α,β=±1
1 + αβa ⋅ b
2
(eiαχA−iβχB − 1)). (26)
This expression coincides with Eq. (3) of the main text.
FINITE TEMPERATURE EFFECT ON
NORMAL-METAL JUNCTION
At finite temperature, hL and hR cannot be written as
2 × 2 matrices because the involution property does not
hold: h2L ≠ h2R ≠ 1. In energy representation, they are
written as [35]
hL(′, ′′) =∑
l,m
g lg
∗
l+mh(′−lω−eV¯ )2piδ(′′−′−mω) (27)
hR(′, ′′) = h(′)2piδ(′ − ′′) (28)
where
h() = tanh( 
2Te
) (29)
and g l is the lth coefficient of the Fourier series of the
ac phase eiφ(t) = ∑l g le−ilωt and φ(t) = ∫ t0 e∆V (t′)dt′. In
tunnel limit, the cumulant generating function Eq. (13)
becomes
S1(χ) ≈ 1
4
G
GQ
Tr(GˇAGˇB) (30)
where the trace Tr is taken in energy indices. After
substituting Eqs. (27)-(29) into S1 and integration over
energy, we have
S1(χ) = G
GQ
∑
l
∣g l∣2l coth( lω2Te )× [cos(χA) cos(χB) + a ⋅ b sin(χA) sin(χB) − 1]
(31)
Here we have assumed zero dc bias. Eq. (31) could be
equivalently written as
S1(χ) = G
2GQ
∑
l
∣g l∣2l coth( lω2Te )× ∑
α,β=±1
1 + αβa ⋅ b
2
(eiαχA−iβχB − 1) (32)
9Taking derivatives of Eq. (32) with respect to the count-
ing fields, we have the relations between the cumulants
⟪A2n⟫ =⟪B2n⟫ = ⟪A2nB2n⟫ = G
GQ
∑
l
∣g l∣2l coth( lω2Te )
(33)⟪AB⟫ =⟪A3B⟫ = ⟪AB3⟫ = −a ⋅ b⟪A2n⟫ (34)
Choosing the angles between spin-polarization directions
θab = θa′b = θab′ = pi/4 and θa′b′ = 3pi/4, the generalized
Bell inequality (Eq. (4) of the main text) reduces to
2 −√2
4
≤ ⟨A2⟩√⟨A4⟩ (35)
Let XTe = G2GQ ∑l ∣g l∣2l coth( lω2Te ), Eq. (35) can be rewrit-
ten as √
2 − 1
4
≤ √ XTe
1 + 6XTe (36)
which takes the same form of Eq. (2) of the main text.
In tunnel limit, G/GQ ≪ 1, thus Eq. (36) can be approx-
imately written as (√2 − 1)/4 ≤ βTe where β2Te =XTe .
BELL TEST FOR A SINGLE-CHANNEL
NORMAL-METAL BEAM SPLITTER
In the following we analyze a normal-metal beam
splitter analogous to the superconducting one shown in
Fig. 1(b) of the main text. It has been found in [31]
that the normal beam splitter is not suitable for detec-
tion of entangled electron spin singlets injected by a dc
voltage [34]. We show that this setup is inefficient in a
driven case as well. For the cumulant generating function
we find SN(χA, χB) = M ∑n,k ln[1 + (pkTnRn/2)(eiχA +
e−iχA + eiχB + e−iχB − 4) + (pkT 2n/8)∑α,β=±1(1 + αβa ⋅
b)(eiαχA−iβχB − 1)]. The charge transfer statistics con-
sists of two parts. The spin-dependent part is propor-
tional to pkT
2
n and is related to the Bell-type events in
which both electron and hole from a pair are transmitted
to Alice and Bob. The spin-independent part is propor-
tional to pkTnRn and describes events in which only one
particle is transmitted to Alice or Bob while the other one
is reflected back at the contact. These events carry no
information on the particle spin correlations and lead to
current fluctuations which obscure entanglement detec-
tion. Therefore, a violation of a generalized Bell inequal-
ity can be achieved only in a normal beam splitter of large
transparency. For a single-channel junction with trans-
mission coefficient T , Eq. (4) of the main text reduces to
1−1/√2 ≤ 2R/(1+3Xp/2)+2√(2R +Xp/2)/(1 + 3Xp/2),
where Xp = ∑k pk +Fp − 1. This inequality is violated for
T > 0.99 when Bell-type events dominate over particle
reflections at the contact, see Fig. 6.
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FIG. 6. Generalized Bell test for a single-channel normal-
metal beam splitter. Results are shown for different shapes
of the drive with the amplitude V0. The generalized Bell
inequality is violated in the regions above the displayed lines
where contact transparencies are very close to T = 1.
BELL TEST FOR NORMAL-METAL JUNCTION
WITH FINITE-POLARIZED SPIN FILTERS
In this section we consider the normal junction where
the spin filters are not fully-polarized, namely a = Pma
and b = Pmb where spin polarization 0 ≤ P ≤ 1 and∣ma∣ = ∣mb∣ = 1. The cumulant generating function is
given by Eqs. (11) - (13) where χ↑A = −χ↓A = χA and
χ↑B = −χ↓B = χB . For the cumulant generating function
we find
S1(χ) =∑
n,k
ln [1 + 2Tn(1 − Tn)pk
× [cos(χA) cos(χB) − 1 +ma ⋅mbP2 sin(χA) sin(χB)]
+ T 2n
2
pk(1−P2)[cos(2χA)+cos(2χB)−2]+ T 2n
4
p2k(1−P2)2
× [1 − cos(2χA) − cos(2χB) + cos(2χA) cos(2χB)]].
(37)
Note that for P ≠ 1 there are no simple relations be-
tween the cumulants. In the low conductance limit and
by choosing the angles between spin-polarization direc-
tions θab = θa′b = θab′ = pi/4 and θa′b′ = 3pi/4, the gener-
alized Bell inequality reads√
2P2 − 1
4
≤ βP (38)
where
β2P =(2 −P4) GGQ∑k pk − (3 − 2P2)(1 − Fp)(1 − F )+ 2(1 −P2)(1 − F ). (39)
In the fully-polarized spin case P = 1, the above inequal-
ity reduces to Eq. (5) of the main text. The violations of
the above inequality for different Fano factors are plotted
in Fig. 7.
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FIG. 7. Generalized Bell test for a normal junction with
finite polarization for harmonic drive. Fano factors F =
1,0.99,0.98 are shown in the plot. The generalized Bell in-
equality is violated for spin polarizations and applied voltages
that are above the lines.
